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Abstract. In this paper, we give a sharp lower bound for the first (nonzero) Neumann 
eigenvalue of Finsler-Laplacian in Finsler manifolds in terms of diameter, dimension, 
weighted Ricci curvature. 
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1. Introduction 

The study of the first (nonzero) eigenvalue of Laplacian in Riemannian manifolds plays 
an important role in differential geometry. The first result on this subject, due to Lich- 
nerowicz says that for an n-dhnensional smooth compact manifold without boundary, 
the first eigenvalue Ai can be estimated below by -^K, provided that its Ric > K > 0. 
In this case, Obata [13] established a rigidity result, asserting the optimality of Lichnerow- 
icz' estimate. Namely, Ax = K if and only if M is isometric to the n dimensional sphere 
with constant curvature ■^jK. When K = 0, Li-Yau [H [10] developed a method, which 
depends on the gradient estimate of the eigenfunctions, to give the lower bound of the 

2 

first eigenvalue via diameter d, precisely, Ai > Their method had been improved by 

2 

Zhong-Yang [24J to obtain Ai > which is optimal in the sense that equality can be 

2 

attained for one dimensional circle. Very recently, Hang and Wang showed that Ai > ^ 
in [7J, if the dimension n > 1. These results also hold true when M is a manifold with 
convex boundary. When M is a convex domain in 1R™, this is a classical result of Payne- 
Weinberger [T7J. Later Chen- Wang [5j and Bakry-Qian [3] combined these results into a 
same framework, and gave estimates for the first eigenvalue of very general elliptic sym- 
metric operators, via diameter and Ricci curvature. This sharp estimate on Riemannian 
manifolds has been also generalized to Alexandrov spaces by Qian-Zhang-Zhu [18] . 

Finsler geometry attracts many attentions in recent years, since it has broader applica- 
tions in nature science. Simultaneously Finsler manifold is one of the most natural metric 
measure spaces, which plays an important role in many aspects in mathematics. There 
exists a natural Laplacian on Finsler manifolds, which we call here Finsler-Laplacian. Un- 
like the usual Laplacian, the Finsler-Laplacian is a nonlinear operator. The objective of 
this paper is to study the lower bound for the first (nonzero) eigenvalue of this Finsler- 
Laplacian on Finsler manifolds. In [TJ] Ohta introduced the weighted Ricci curvature 
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Ricn for N G [n, oo] of Finsler manifolds, following the work of Lott-Villani [12] and 
Sturm [20] on metric measure space. He proved the equivalence of the lower lower bound- 
edness of the Ricjy and the curvature-dimension conditions CD(K, N) in \12\ I20j. As a 
byproduct, he obtained a Lichnerowicz type estimate on the first eigenvalue of Finsler- 
Laplacian under the assumption Ricn > K > 0. Another interesting type of eigenvalue 
estimates was obtained by Ge-Shen in [6], namely the Faber-Krahn type inequality for the 
first Dirichlet eigenvalue of the Finsler-Laplacian holds. See also [1] and |22j . Recently, 
we proved in [21] the Li-Yau-Zhong-Yang type sharp estimate for a so-called anisotropic 
Laplacian on a Minkowski space, which could be viewed as the simplest, but interesting 
and important case of non-Riemannian Finsler manifolds. In this paper, we shall general- 
ize the results in [21J to general Finsler manifolds. Moreover, as in [5] and [3], we shall put 
the Li-Yau-Zhong-Yang type and the Lichnerowicz type sharp estimates into a uniform 
framework. 



Our main result of this paper is 



Theorem 1.1. Let (M n ,F, m) be a n- dimensional compact Finsler measure space, equipped 
with a Finsler structure F and a smooth measure m, without boundary or with a convex 
boundary. Assume that Ric^ > K for some real numbers N G [n, +oo] and K E M. Let 
Ai be the first (nonzero) Neumann eigenvalue of the Finsler-Laplacian A m , i.e., 

(1) — A m u = \±u, in M, 
with a Neumann boundary condition 

(2) Vu(x) G T X (8M), 
if dM is not empty. Then 

(3) Ai > Ai(AT,iV,d), 

where d is the diameter of M , Xi(K,N,d) represents the first (nonzero) eigenvalue of the 
1-dimensional problem 



(4) v" -T{t)v' = -\\(K.X.tl)r in (--.-). '•'( — -) — ;•'(--) — 0. 

with T(t) varying according to different values of K and N. T is explicitly defined by 



(5) T(t) 



y/(N-l)Ktan 



K 



N-l 



-t 



-y/-(N - l)ETtanh 



K 



N-l 



0. 

Kt, 



for K > 0, 1 < N < oo, 

for K < 0, 1 < N < oo, 

for K = 0, 1 < N < oo, 
for N = oo. 



The precise definition of the Finsler measure space, convex boundary, diameter d, 
weighted Ricci curvature RicN, gradient vector field V, Finsler-Laplacian A m will be 
given in Section 2 below. 

Equivalently, Theorem 11.11 gives an optimal Poincare inequality in Finsler manifolds. 
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Theorem 1.2. Under the same assumptions as in Theorem \l.l\ we have 

(6) / F 2 (Vu)dm> Xi(K,N,d) [ {u-ufdm, 

Jm Jm 

where u is the average of u. 

In the case of K > and N = n, Theorem 11.11 sharpens the Lichnerowicz type es- 
timate given by Ohta [H], since by Meyer Theorem, d < , = , and \i(K,N,d) > 

\i(K,n, . = ) = -^r. In the case of K = and N = n, Theorem 11.11 gives the 

V ' ' yJ{n-l)K' 1-1 ' 1 l& 

2 

Li-Yau-Zhong-Yang type sharp estimate for the Finsler-Laplacian, since Ai(0, n,d) = %£. 
We remark that the Minkowski space (R n , F) equipped with the n-dimensional Lebesgue 
measure satisfies that Ric^ > K with K = and N = n (see e.g. |23] Theorem in page 
908 and [2], Theorem 1.2), hence Theorem 11.11 covers the estimate in [21] , 

Our proof goes along the line of Bakry-Qian [3j. The technique is based on a comparison 
theorem on the gradient of the first eigenfunction with that of a one dimensional (1- 
D) model function (Theorem 13. ip . which was developed by Kroger [8] and improved by 
Chen- Wang [5] and Bakry-Qian [3]. By using a Bochner-Weizenbock formula established 
recently by Ohta-Sturm [16], we find that the one dimensional model coincides with that 
in the Riemannian presented in Theorem 11.11 It should be not so surprising, 

because when we consider F in R, it can only be two pieces of linear functions. Since 
the 1-D model has been extensively studied in [3], it also eases our situation, although 
we deal with a nonlinear operator. One difficulty arises when we deal with the Neumann 
boundary problem, since the convexity of boundary could not be directly applied due 
to the difference between the metric induced from the boundary itself and the metric 
induced from the gradient of the first eigenfunction. We will establish some equivalence 
between them (see Lemma 13.11 and I3.2p to overcome this difficulty. Another ingredient 
is a comparison theorem on the maxima of eigenfunction with that of the 1-D model 
function (Theorem 13. 2p . Everything in [3 J works except the boundedness of the Hessian 
of eigenfunctions around a critical point (since the eigenfunction is only C 1,a among M), 
which was used to prove ([25]) . Here we avoid the use of the Hessian of eigenfunctions by 
using the comparison theorem on the gradient. For the rest we follow step by step the 
work of Bakry-Qian [3] to get Theorem ll.il 

This paper is organized as follows. In Section 2, the fundamentals in Finsler geometry 
is briefly introduced and the recent work of Ohta-Sturm is reviewed. We shall first prove 
the comparison theorem on the gradient and on the maxima of the eigenfunction and then 
Theorem II .11 in Section 3. 



2. Preliminaries on Finsler geometry 

In this section we briefly recall the fundamentals of Finsler geometry, as well as the 
recent developments on the analysis of Finsler geometry by Ohta-Sturm [141 fl5| [16] . For 
Finsler geometry, we refer to pQ and [19] , 
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2.1. Finsler structure and Chern connection. Let M n be a smooth, connected n- 
dimensional manifold. A function F : TM — > [0, oo) is called a Finsler structure if it 
satisfies the following properties: 

(i) Fis C°° onTM\{0}; 

(ii) F(x, tV) = tF(x, V) for all (x, y) G TM and all t > 0; 

(iii) for every (x, V) G TM \ {0}, the matrix 

^■■=g$vA F2)(x<V) 

is positive definite. 

Such a pair (M n , i 7 ) is called a Finsler manifold. A Finsler structure is said to be reversible 
if, in addition, F is even. Otherwise F is non-reversible. By a Finsler measure space we 
mean a triple (M n ,F,m) constituted with a smooth, connected n-dimensional manifold 
M, a Finsler structure F on M and a measure m on M. 

For x±,X2 G M, the distance function from xi to x 2 is defined by 

c/(xi,x 2 ) := inf f F(j(t))dt, 
t Jo 

where the infimum is taken over all C 1 -curves 7 : [0, 1] — > M such that 7(0) = x\ and 
7(1) = X2- Note that the distance function may not be symmetric unless F is reversible. A 
C°°-curve 7 : [0, 1] — > M is called a geodesic if ^(7) is constant and it is locally minimizing. 
The diameter of M is defined by 

d := sup d(x, y). 

x,yeM 

The forward and backward open balls are defined by 

B + (x,r) := {y £ M : d(x,y) < r}, B~(x,r) := {y £ M : d(y,x) < r}. 

We denote S ± (x, r) := B + (x, r) \J B~(x, r). 

For every non- vanishing vector field V, gij(V) induces a Riemannian structure gy of 
T X M via 

n 

g v (X,Y) = gijiV^Yi, for X,Y G T X M. 

In particular, ^(V, V) = F 2 (V). 

Let 7r : TM\{0} — )■ M the projection map. The pull-back bundle ir*TM admits a unique 
linear connection, which is the Chern connection. The Chern connection is determined by 
the following structure equations, which characterize "torsion freeness": 

(7) D\Y-D\X = [X,Y] 
and "almost (/-compatibility" 

(8) Z( gv (X, Y)) = g v (D v z X, Y) + g v (X, D V Z Y) + C V {D V Z V, X, Y) 
for V G TM \ {0}, A, Y, Z G TM. Here 

1 f) 3 F 2 

C V (X,Y,Z) := = l d y lVJ y k {V)X^Z k 
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denotes the Cartan tensor and D^-Y the covariant derivative with respect to reference 
vector V G TM\{0}. We mention here that Cy(V, X,Y) = due to the homogeneity of F. 
In terms of the Chern connection, a geodesic 7 satisfies -£^7 = 0. For local computations 
in Finsler geometry, we refer to [19j . 

2.2. Hessian and Finsler-Laplacian. We shall introduce the Finsler-Laplacian on Finsler 
manifolds. First of all, we recall the notion of the Legendre transform. 

Given a Finsler structure F on M, there is a natural dual norm F* on the cotangent 
space T*M, which is defined by 

F*(x, f ) := sup f (V) for any £ G T*M. 

F(x,V)<l 

One can show that F* is also a Minkowski norm on T*M and 

is positive definite for every G T*M \ {0}. 

The Legendre transform is defined by the map I : T X M — > T*M : 



for F £T I M\{0} ) 
for F = 0. 



One can verify that F(V) = F*(l(V)) for any V G TM and g*j(x,l(V)) is the inverse 
matrix of gij(x, V). 

Let u : M — > M. be a smooth function on M and Z)it be its differential 1-form. The 
gradient of u is defined as Vu(x) := l- x (Du(x)) G T X M. Denote M u := {Du / 0}. 
Locally we can write in coordinates 

^ r-, s du d . „, 

i,j=l 4 J 

The Hessian of u is defined by using Chern connection as 
(9) V 2 u(X,Y) = g Vu (D% u Vu,Y), 

One can show that V 2 u(X, Y) is symmetric, see [22] and [16]. Indeed, using ([7]) and ([8]) 
and noticing that CVu(Vii,X, 1") = 0, we have 

g Vu (Dl u Vu,Y) = X(g Vu (Vu,Y))-gvu(Vu,Dj u Y) 

= XY(u)-g Vu (Vu,D^ u X+[X,Y}) 

= YX(u) + [X, Y](u) - g V u(Vu, D% U X) - [X, Y](u) 

= Y(g Vu (Vu, X)) - g Vu (Vu, D% U X) = g Vu (D^ u Vu, X). 

In order to define a Laplacian on Finsler manifolds, we need a measure m (or a volume 
form dm) on M. From now on, we consider the Finsler measure space (M, F, m) equipped 
with a fixed smooth measure m. Let V G TM be a smooth vector field on M. The 
divergence of V with respect to m is defined by 

div m Vdm = d(Vjdm), 
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where V jdm denotes the inner product of V with the volume form dm. In a local coordi- 
nate (x l ), expressing dm = e^dx l dx 2 ■ ■ ■ dx n , we can write dw m V as 

i=l ' 

A Laplacian, which is called the Finsler-Laplacian, can now be defined by 

A m u := div m (Vu). 

We remark that the Finsler-Laplacian is better to be viewed in a weak sense that for 
u G W l > 2 (M), 

4>A m udm = - [ D(p(X7u)dm for <j> G C C °°(M). 
Jm 

The relationship between A m u and V 2 it is that 



A m u + D^{Vu) = tr 9Vu (V 2 u) = V 2 u( ei , e t ), 

i=l 

where ^ is defined by dm = e~^( V 'dVol gv and {e{\ is an orthonormal basis of T X M with 
respect to gy u . See e.g. [22j, Lemma 3.3. 

Given a vector field V, the weighted Laplacian is defined on the weighted Riemannian 
manifold (M, gy , m) by 

A v m u := div m (V y «), 

where 

V V U . = { >:;, :^U:Y)^ir for V e T x M\{0}, 
\ for V = 0. 

Similarly, the weighted Laplacian can be viewed in a weak sense that for u £ W 1,2 (M). 
We note that A^ u u = A m u. 

2.3. Finsler manifolds with boundary. Assume that (M,F,m) is a Finsler measure 
space with boundary dM, then we shall view dM as a hypersurface embedded in M. dM 
is also a Finsler manifold with a Finsler structure Fqm induced by F. For any x G <9M, 
there exists exactly two unit normal vectors v, which are characterized by 

T X (8M) = {V G T X M : ^(i/, V) = 0, g v (u, u) = l}. 

Throughout this paper, we choose the normal vector that points outward M. Note that, 
if v is a normal vector, —v may be not a normal vector unless F is reversible. 
The normal vector v induces a volume form dm v on dM from dm by 

Vjdm = g v (u, V)dm u , for all V G T(9M). 

One can check that Stokes theorem holds (see [TS], Theorem 2.4.2) 

div m (V)c#m = / g u (u,V)dm u . 

M JdM 

We recall the convexity of the boundary of M. 

The normal curvature A U (V) at x G <9M in a direction 1/ G T x (dM) is defined by 

(io) A„(T0 = ^,£>fK°))> 
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where 7 is the unique local geodesic for the Finsler structure Fqm on dM induced by F 
with the initial data 7(0) = x and 7(0) = V. 

M is said to has convex boundary if for any x G <9M,the normal curvature A u at x is non- 
positive in any directions V G T x {dM). We remark that the convexity of M means that 
£^7(0) lies at the same side of T X M as M. Hence the choice of normal is not essential 
for the definition of convexity. (See Lemma 3.2 below). There are several equivalent 
definitions of convexity, see for example [2] and [19] . 

2.4. Weighted Ricci curvature. The Ricci curvature of Finsler manifolds is defined 
as the trace of the flag curvature. Explicitly, given two linearly independent vectors 
V, W G T X M \ {0}, the flag curvature is defined by 

r v (v w) = gy(R v (V,W)W,V) 

{ ' ' 9v(V,V)gv(W,W)-g v (V,Wy> 
where R is the Chern curvature (or Riemannian curvature): 

R V (X,Y)Z = D V X D\Z - B\D v x Z - D\ X Y] Z. 
Then the Ricci curvature is defined by 

n-l 

Ric(V) :=^/C(V, ei ), 
i=i 

where e±, ■ ■ ■ , e n _i, f° rm an orthonormal basis of T X M with respect to gy. 

We recall the definition of the weighted Ricci curvature on Finsler manifolds, which was 
introduced by Ohta in [14], motivated by the work of Lott-Villani [12] and Sturm [20] on 
metric measure space. 

Definition 2.1 (|14|). Given a unit vector V G T X M , let -n : [—£,£] — )■ M be the geodesic 
such that r)(0) = V. Decompose m as m = e~^ ' dvol^ along r\, where vol^ is the volume 
form of gfi as a Riemannian metric. Then 

Ric(V) + (^ O7])"(0) i/(*o77)'(0) =0, 
—00 otherwise ; 

Ric N (V) := Ric(V) + (* o ^"(0) - , f or N G (n, 00), 

RiCooiV) := Ric(V) + o V )"(0). 

For c > and N G [n, 00], define 

Ric N (cV) := c 2 Ric N (V). 

Ohta proved in [13] that, for K G K, the bound fficAr(y) > i^F 2 (y) is equivalent to 
Lott-Villani and Sturm's weak curvature- dimension condition CD(K,N). 

2.5. Bochner-Weitzenbock formula. The following Bochner-Weizenbock type formula, 
established by Ohta-Sturm in [16], plays an important role in this paper. 

Theorem 2.1 ([16], Theorem 3.6). Given u G Wf^{M) f] C l {M) with A m u G W^(M), 
we have 

~J M DV (v Vm (E^lMVj dm = J^D(A m u)(Vu) + Ri Coo (Vu) + ||V 2 n||^ 5(Vu) | 



Ric n (V) 



dm 



8 



GUOFANG WANG AND CHAO XIA 



as well as 

-J^Dr, (V« f F2 &Vu) X\ dm > JJ D{Amu)( y u) + RicN (y u) + ^Iply m 

for any N G [n,oo] and all nonnegative functions r] G Wc ,2 (M) f] L°°(M). Here \\^ 2u \\%s(Vu) 
denotes the Hilbert- Schmidt norm with respect to gy u . 

Based on Bochner-Weitzenbock formula, a similar argument as Bakry-Qian [3] Theorem 
6, leads to a refined inequality, which was referred to as an extended curvature-dimension 
inequality there. Another direct proof was also given in |21| . Lemma 2.3. 



Theorem 2.2. Assume that Ric^ > K for some N G [n, oo] and some K G R. Given 
u G W 2 £(M) p| C^M) rafA A m u G W^(M), we have 

(A m u) 2 



- D V (V v " f F2 {X 2 VU) ) ) dm > ^n{l)(A m u)(Vu) + KF(Vn) 2 + ^ 



TV — 1 \ iV 2F 2 (x, V«) 

/or any N G [n, oo] and all nonnegative functions r\ G W C ' 2 (M) f] L°°(M). 

3. Proof of Theorem 11.11 

We first remark that a weak eigenfunction u G W 1,2 {M) of Finsler-Laplacian defined in 
Q has regularity that u G C 1,a (M) f| W 2 > 2 (M) f) C°°(M U ) (see [6]). 

Let us recall the 1-D models Lk,n described in [3]. Let K G R and iV G (1, oo]. 



(i) For K > and 1 < ./V < oo, L K N is defined on y== , — y== by 

(ii) For K < and 1 < iV < oo, Lk,n is defined on (— oo, 0) U(0, oo) by 

LkAv)® = v " - V-k{n - 1) coth( J -j^ty 

and on (—00,00) by 

L K ,N(v)(t) = v" - y / —K(N - 1) tanh( J~^t)v'; 

(iii) For K = and 1 < N < 00, Lk,n is defined on (—00, 0) (J (0, 00) by 

N — 1 

L K ,Niv){t) = v H — v 

and on (—00,00) by 

L K ,N(v)(t) = v"; 

(iv) For K ^ and iV = 00, Lk,n is defined on (—00, 00) by 
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(v) For K = and N = oo, L^ : n is denned on (—00, 00) by 

L K , N (v){t) =v" -cv' 

for any constant c. 

For convenience, we write LK,N(v)(t) = v" — T(t)v' . It is easy to check that T' = K+ 2 



N-l ■ 

Denote by hk,n the invariant measure associated with Lk,n, that is, a measure satisfying 
fa Lk,n(v)(1^k,n = for v'(a) = v'(b) = 0. For instance, in the case (i), dfix,N = 



cos 



N-it / K 



N- 



-t)dt. 



The following gradient comparison theorem plays the most crucial role in the proof of 
our main theorem. 

Theorem 3.1. Let (M,F,m) and X\ be as in Theorem \1.1\ and u be the eigenf unction. 
Let v be a solution of the 1-D model problem on some interval (a,b): 

(12) L K>N {v) = -Xiv, v\a) = v'(b) = 0, v' > 0. 
Assume that [minn, maxu] C [mint>, max u], then 

(13) F(x,Vu(x)) < v'iv^iuix))). 

Proof. First, since J M u = 0, minu < while maxu > 0. We may assume that [minu, maxn] C 
(minii,maxt)) by multiplying u by a constant < c < 1. If we prove the result for this u, 
then letting c — > 1 implies the original statement. 

Under the condition [minii,maxu] C (minw, maxw), f" 1 is smooth on a neighborhood 
U of [minu, maxn]. 

Consider P(x) = ip(u)(^F 2 (x, Vu)—(j)(u)), where ip, (j> G C°°(U) are two positive smooth 
functions to be determined later. We first consider the case that P attains its maximum 
at xq £ M, then study the case that xq G dM if dM is not empty. 

Case 1. P attains its maximum at xq S M. 

Due to the lack of regularity of u, we shall compute in the distributional sense. Let rj be 
any nonnegative function in w}' 2 {M) P] L°°(M). We first compute — J M Drj(V^ u P)dm. 

Dr,(V Vu P)dm = - [ (— P - ip6')Dn(Vu) + ^Dr](V Vu (-F 2 (x, Vu)))dm 

Jm W 2 



Al 



-D[A-P - ip(f)')ri](Vu) + nD(—P - W)(Vu) 

M V V 

-D{ij)rj){V Vu {-F 2 (x, V«)) + rjD^(y Vu (-F 2 (x, Vu))dm 



I + 11 + III + IV. 

■p 

- : ip 



By using DuiVu) = F 2 (x, Vm) = 2(^+0) and A m u = —Xiu in weak sense, we compute 



f >' 1 \ 

I = —Xiu( — P — ip(f> )r]dm, 

Jm V 
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M 



M 



ib" ib rz ib' 
nKirr ~ ^r) p ~ ^<t>" ~ ip'<P')Du(Vu) + —DP(Vu)]dm 
ib ib 2 " ib 



,ib" ib 



12 



P 



ib' 



IV 



VH^J - - W - + 0) + J DP (yu)] dm, 

[ ml/ \-Du(V Vu P) + (--^P + (P')Du(Vu)] dm 

Jm w V 

I' ib' P 

= / \2r]4>'(---rP + (/)')(— + (/)) + terms of DP(Vu)\dm. 

Jm V W 

For the term III, we apply the refined integral Bochner-Weizenbock formula (llip to 
derive 



III > 



IpT] 



M 



D(A m u)(Vu) + KF + 



2 {A m u) 2 



N 



N 



N-l 

IpT] 



A m u D(F 2 (x,Vu))(Vu) 



N 



M 



2F 2 (x,Vu) 

P A 2 ?; 2 



2 -\ 



dm 



+ 



N 



N-l 

iprj 



-Xiu 
~N~ 



^P + 4>') - ^DP{Vu)) 



ip 



i>F 2 



dm 



M 



P A 2 ?; 2 

^-*.)(^ + « + ] fti + w _ 1 . ^ 



N , ib' , x9 
{-^-P + bp') 2 



N-l 

Combining all we obtain 

■ / Drj(V Vu P)dm > [ r]\ - 
Jm Jm IV 



XM-^P + d/) + terms of DP(Vu) 

ip A 



dm. 



12 



ib" , N .ib 

0— (A \J— 

ib K N-l'ib 2 



p2 



rl 



, Vi( i^_ 2 t_ 

ib ip 2 



N + lip' 
N-llj) 



An 



2N ib' 
N -lib 9 



+ 2{K- Ai) -2<j)" 



+ip 



1 A 2 n 2 + ^L±l\ lU( p' + -^cP' 2 + 2{K - Ai)0 



N-l 1 N-l 
+ terms of DP{S7u) >dm 



N-l 



(14) 



/ {aiP 2 + a 2 P + a 3 + terms of DP(Vu)}dm. 
Jm 



Therefore, 

(15) A^ U P + terms of DP(Vu) = a x P l + a 2 P + a 3 

holds in the distributional sense in M. 

We claim that at the maximum point xq of P, 

(16) aiP 2 + a 2 P + a 3 < 0. 
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In fact, if not, then in a neighborhood U of xq, a\P 2 + 0,2? + 03 > 0. It follows from 
(I15p that the function P is a strict subsolution to an elliptic operator in IA. By maximum 
principle, P(xq) < maxg^P, which contradicts the maximality of P(xq). 

It is interesting to see that the coefficients aj, i = 1,2, 3, coincide with that appeared in 
the Riemannian case (see e.g. [3], Lemma 1). The next step is to choose suitable positive 
functions ip and <fi such that a\,a2 > everywhere and (23 = 0, which has already been 
done in [3]. For completeness, we sketch the main idea here. 

Choose (j)(u) = t;v' (v~ l (u)) 2 , where v is a solution of 1-D problem (fT2|) . One can 
compute that 



v'" 



4 ) '{u)=v"{v- 1 {u))A"(u) = —{v-\u)). 
Set t = v (u) and u = v(t) then 

= -v'{v" - Tv' + Aii;)' + J^—[( V " ~ Tv ' + Mv){Nv" + Tv' + Xiv) = 0. 
Here we have used that T satisfies T' = K + -^rx • For a% , a% , we introduce 
*(*) = *i-^. iP(u)=exp([h(v(t))), f(t) = -h(v(t))v'(t). 



v'(ty 

With these notations, we have 

f' = -h'v' 2 + f(T-X), 

AT _ O 

v'\Ua^ = 2f(T -X)- j^-jf 2 - 2f := 2(Q 1 (f) - /'), 

We may now use Corollary 3 in [3], which says that there exists a bounded function / on 
[min-u, maxii] C (mmv,m.axv) such that /' < min{Qi(/), Q2(/)}- 

In view of f)16[) . we know that by our choice of ip and eft, P(xq) < 0, and hence P{x) < 
for every x 6 M, which leads to f)13[) . 



Case 2. <9M ^ and x G <9M. 

To handle this case, we need to define a new normal vector field on dM, that is normal 
with respect to the Riemannian metric gy u . To be more general, for every X £ TM, there 
is a unique normal vector field vx such that 

(17) 3x(^x,Y) = for any Ye T(8M), gx^x^x) = 1, g„{v,u x )>0. 
A simple calculation shows that 

(18) gx(y,u x )>0. 

Indeed, let v x = Z + av for some a£l and Z G T(dM). dTTJ) tells that a > 0. Hence 

gx{v,vx) = 9x{\{vx - Z),vx) = \ > 0. 

The following Lemma follows directly from the definition of v and i^x- 
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Lemma 3.1. Let X,Y G TM 



Then 



0»7e T(dM) ^ g x (u x ,Y) = 0. 



□ 



Define four sets 



TIM 



{Y G TM : g v {v, Y) > 0(< 0)} 



and 



Tl x M 



{Y eTM:g x {u x ,Y) > 0(< 0)}. 



We have the following simple but important observation, which may be familiar to 
expects. 

Lemma 3.2. T»M = T" X M, T V _M = T v _ x M . 

Proof. We first claim that either T+M C T+ x M or T\M C T" X M. Otherwise, there are 
two vector fields Y X ,Y 2 G T^M, such that ffx(^x,^i) > and ffx(^,^2) < 0. Then by 
the continuity of gxi^xr) m T+M, there exists Y G T+M with gxC^Xj^O = 0, which 
means g u (u,Y) = from Lemma 13.11 A contradiction. Taking into consideration that 
v G T+ X M, we see that T^M C T\ X M. A similar argument implies that T+ x M C 1+M. 
The second equivalence follows in a similar way. □ 

Return to the case when P attains its maximum at xq G dM. If Vti(xo) = 0> nothing 
needs to be proved. Thus we assume xq G M u . Recall that P G C°°(M U ). Since v\j u 
points outward due to its definition, by taking normal derivative of P with respect to vy u , 
we have 



By the convexity of dM, for any X G T(dM), g u {v,D^X) < 0. In particular, set 
X = Vu, we know that 




Thus we have 



(19) DP{v Vu )(x Q ) = -i;(u)(D(F 2 (\7u))(v Vu ))(x ). 
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Combining (fl9|) . ([20]) and (f22|) . we conclude that DP{v^ u )(xq) < 0, and hence DP{v^/ u ){xq) 
0. The tangent derivatives of P obviously vanish due to its maximality. Hence we have 
also 

VP(x ) = 0. 

Thus the proof for Case 1 works in this case. This finishes the proof of Theorem 13.11 □ 

Another ingredient is a comparison theorem for the maxima of the eigenfunctions. 

Theorem 3.2. Let (M, F, m), Ai be as in Theorem \l.l\ and 1 < N < oo. Let v = vk,n be 
a solution of the 1-D model problem on some interval (a,b) Lk,nv = — X\v, with initial 
data v(a) = —l,v'(a) = 0, where 

{ r4 for K>0, 

a = I 2y/K/(N-l) 

{ forK<0 

and b = b(a) be the first number after a with v'(b) = 0. Denote mx,N = vx,N(b) = max(u). 
Assume that Ai > max{ , 0} and min(ii) = —1. Then max-u > rriK,N- 

Proof. We argue by contradiction. Suppose max(n) < mx,N- Then [minii,maxn] C 
[min-u,max-u]. The condition Ai > max{ jjr^r , 0} ensures that 

f —r^ for K > 0, 

\ oo for K < 0, 

which in turn ensures that v' > in (a, b). Hence we could apply Theorem I3. II for u and 



v. 



The same argument as Theorem 12 in [3] implies that the ratio 

I{u<c} udm 



R(c) 



f{v<c} vd ^K,N 



is increasing on [min(-u),0] and decreasing on [0, max(n)]. Therefore, for c < — ^, we have 
that 

(23) m({u < c}) < 2 / \u\dm < 2R(0) / \v\d^ K ,N < 2R(0)fj, K)N ({v < c}). 

J{u<c} f{v<c} 

Let c = — 1 + e for e > small. A simple calculation gives that v"{a) = 4^. Hence for t 
close to a, v"(t) has positive lower and upper bound. Together with v'(a) = 0, we see that 
v(t) - v(a) > C(t - a) 2 . Thus if t E {v < -1 + e}, then t G (a, a + Ce^). It follows that 

(24) n K:N ({v < -1 + e}) < Hk,n((^ a + Ce ')) < CeN ' 2 - 
On the other hand, we shall prove that 

(25) m{{u < -1 + e}) > m(B ± (x ,Ce^)). 

Let xo G M be such that u(xq) = — 1. For any x G S ± (xo, 5) with 5 small, n(x) is close to 
— 1 and s := u _1 (u(x)) is close to a. Thus we see again from the upper bound of v" and 
v'(a) = that v'(s) < C(s — a). Therefore, we have from Theorem 13. II that F(i,Vu(x)) < 
v'lv^iuix))) < C(s - a) and F(x, V^VW)) = (v 1 )' '(u(x))F(x, Vu(x)) < 1. In turn, 
we get 

s-a = v^iuix)) - v^iuixo)) < F(s,Vt; _1 («(i)))(5 < 5, 
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and 

u{x) < u{x Q ) + F(i, Vu(x))6 < -1 + C(s - a)5 < -1 + CS 2 , 

for some x,x G B ± (xo,5). Let s = C5 2 , we conclude B ± (xo,5) C {u < — 1 + e}, which 
implies (|25l) . 

Combining (j23l) , (|24")) and (i25j) , we see that there exists some constant C > such that 

(26) m(B ± (x ,r)) <Cr N . 

This will lead to a contradiction. In fact, since max(u) < mx,N and ttik.n is continuous 
with respect to (K,N), we also have that max(u) < rriK,N' f° r an y N' > N close to TV. 
Argued as before, we will obtain (126(1 with A/ 7 instead of N, i.e. 

(27) m(S ± (x ,r)) < Cr N ' . 

However, the volume comparison theorem for Finsler manifolds under the assumption of 
lower bound for Riciy (see [14], Th. 7.3), implies that m(B ± (xo, r)) > Cr N for r > 
small. A contradiction to (|27l) . The previous argument also works in the case xq G dM. 
The proof is completed. □ 

Besides the comparison theorem on the gradient and maxima, in order to prove Theorem 
II. H we also need some properties of the 1-D models, which has been extensively studied 
in [3j. We refer to [3] for the elementary properties, meanwhile we list two of them, one 
presents the full range of the maximum function itlk,Ni the other reveals that the central 
interval has the lowest first Neumann eigenvalue. 

Lemma 3.3 ([3], Section 3). Assume 1 < iV < oo (N = oo resp.) and fix A > 
max{ -M^ , 0} . Let v,m be as in Theorem \3.2i Then for any k G [m, ((0,oo), resp.), 
there exists an interval which has the first Neumann eigenvalue A and a corresponding 
eigenfunction v such that mmv = — l,m&xv = k. 



Lemma 3.4 ([3], Th. 13). Let \i(K, N, a, b) denotes the first Neumann eigenvalue of 

>—a b—c 
2 ' 2 



L KyN on the interval (a,b). Then Xi(K,N,a, b) > Xi(K,N,-^, ^) = Xi(K,N,b — a). 



We now in a position to prove Theorem ll.il 
Proof of Theorem \1. 11 Without loss of generality, we may assume that minn = — 1 and 
< max-u := k < 1. It was shown by Ohta [Hj, Cor. 8.5 that Ai > in the case 

of K > 0. Choose K < K close to K, we have Ai > max{-^^-,0}. Therefore, Theorem 
13.21 and Lemma 13.31 imply that there exists an interval [a, b] which has the first Neumann 
eigenvalue Ai and a corresponding eigenfunction v such that mmv = —1 = minn, m&xv = 
max u = k. Choose x\,X2 G M with u{x\) = mmu,u(x2) = k and j(t) : [0, 1] — > M the 
minimal geodesic from x\ to X2- Consider the subset / of [0,1] such that ^u{l(t)) > 0. 
By using Theorem 13.11 we have 

d > J F{j(t))dt > J F{j(t))dt 

1 1 _ f k 1 



> / ^ ,^ . Du(j(t))dt = / ——du 
- 1 F*(Du) v n " J_ x F(X7u) 



o 



1 



^ / "77 — m s S du = I dt = b — a. 
}_ x v'(v 1 (u)) 



b 
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A general property says that \±(K, N, d) is monotone decreasing with respect to d. Hence 
Xi(K,N,b - a) > \ x (K,N,d). Finally, It follows from Lemma E3] that 

Ai > Xi(K,N,b-a) > Ai(^,iV,d). 

By letting K — > K, we get the conclusion Ai > Xi(K, N,d). □ 
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